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SYMBOLS 
H ( s )  L a p l a c e  t r a n s f e r  func t ion  of continuous f i l t e r  
H(z)  Z-transform of H ( s )  
j imaginary ope ra to r  , Ci 
, normalized sample frequency o r  d i s c r e t e  t i m e  index n fWn 
S Laplace v a r i a b l e  
T sample pe r iod ,  s e c  
U ( s )  Laplace t ransform of u 
U continuous input  v a r i a b l e  
Y ( s )  Laplace t ransform of y 
Y cont inuous output  v a r i a b l e  
Z Z-transform ope ra to r  
z Z - t  r ans  f orm v a r i a b l e  
5 damping r a t i o  of second-order model 





( '1 t i m e  d e r i v a t i v e  
frequency of s i n u s o i d a l  i npu t  v a r i a b l e ,  r ad / sec  
corner  frequency of f i r s t - o r d e r  high-pass f i l t e r ,  r ad / sec  
undamped n a t u r a l  frequency of second-order model, r ad / sec  




func t ion  eva lua ted  a t  s = I s  = 
iii 
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SUMMARY 
The f a c t  t h a t  a i r c r a f t  motion s imulators  i nhe ren t ly  have less travel than  
t h e  a c t u a l  a i r c r a f t  be ing  s imulated has  r e s u l t e d  i n  t h e  a p p l i c a t i o n  of d i g i t a l  
washout f i l t e r s  i n  t h e  computer software.  Four commonly used mathematical  
models of l i n e a r  f i r s t -  and second-order high-pass washout f i l t e r s  were ana- 
lyzed. These models were Eu le r ' s  In t eg ra t ion ,  Zero-Order Hold, B i l i n e a r  
Transformation, and Second-Order Adams-Bashforth I n t e g r a t i o n .  Bode responses  
f o r  each model a t  va r ious  sample ra tes  were compared t o  t h e  continuous f i l t e r  
response.  
approaching t h e  continuous response and the  B i l i n e a r  Transformation model pro- 
duced t h e  b e s t  responses  over t h e  frequency spectrum and sample rates. 
l o c a t i o n  a n a l y s i s  of each model i n  t h e  z-plane shows t h e  B i l i n e a r  Transforma- 
t i o n  and Zero-Order Hold models gave stable po le s  r ega rd le s s  of  t i m e  s t e p  
s i z e ,  whereas t h e  o the r  models d id  n o t  always d i sp lay  s t a b l e  poles .  
The r e s u l t s  show that higher  sample rates produce Bode responses  
Po le  
A n e a r  cons t an t  gain e r r o r  over  t h e  e n t i r e  frequency spectrum w a s  d i s -  
covered i n  t h e  Zero-Order Hold cases  and a c o r r e c t i o n  gain w a s  c a l c u l a t e d  f o r  
t h e  f i r s t - o r d e r  high-pass f i l t e r  case. 
INTRODUCTION 
One of t h e  cont inuing  areas of research  i n  real-time man-in-the-loop 
a i r c r a f t  s imula t ions  is  s imula tor  motion recovery.  The f a c t  t h a t  motion simu- 
l a t o r s  have less travel than t h e  a i r c r a f t  be ing  s imulated r e s u l t s  i n  compro- 
m i s e s  i n  the motion f e l t  by t h e  s imulator  p i l o t .  I n  an a t tempt  t o  u t i l i z e  t h e  
l imi t ed  t ravel  most e f f e c t i v e l y ,  low-frequency po r t ions  of t h e  motion s i g n a l s  
are e l imina ted  wi th  "washout f i l t e r s .  'I 
Washout f i l t e r s  are merely high-pass f i l t e r s  and can be  implemented 
d i g i t a l l y  by any number of mathematical  models which approximate continuous 
f i l t e r s .  This  s tudy examines t h e  e f f e c t s  of modeling a l i n e a r  f i r s t -  and 
second-order high-pass f i l t e r  w i t h  four  commonly used models. 
E u l e r ' s  I n t e g r a t i o n ,  Zero-Order Hold (ZOH), B i l i n e a r  Transformation ( T u s t i n ' s  
Approximation), and Second-Order Adams-Bashforth In t eg ra t ion .  
The models are: 
A s  a means of comparison, t h e  frequency responses  f o r  each mathematical  
model are analyzed aga ins t  t h e  continuous f i l t e r  response wh i l e  vary ing  t h e  
sample rate. 
s t a b i l i t y .  
The z-plane po le  loca t ions  of each model are a l s o  analyzed f o r  
HIGH-PASS FILTER MODELS 
To obtain the Bode plots for comparing the various mathematical models, 
the mathematical representations of the first- and second-order high-pass 
filters are needed. 
First-Order High-Pass Filter 
The first-order high-pass filter (FOHP) is defined as: 
- 1  y + T y = u  
Taking the Laplace transform of equation (1) and assuming all initial condi- 
tions are zero, one obtains the first-order transfer function: 
where w = l / .c  is the cutoff frequency. 
C 
Second-Order High-Pass Filter 
Defining the second-order high-pass filter (SOHP) as: 
.. .. 
y + 2 < w  j r  + 2 y  = u 
n ( 3 )  
and taking the Laplace transform of equation ( 3 )  (assuming all initial condi- 
tions are zero) yield the second-order transfer function 
MATHEMATICAL MODELS 
The mathematical models to be considered are Euler's Integration, Zero- 
Order Hold, Bilinear Transformation, and Second-Order Adams-Bashforth 
Integration. 
Euler's Integration 
Euler's Integration is defined as: 
y(n + 1) = y(n> + Tjr(n) 
2 
(5) 
First-order fi Zter wi th  EuZer imp2ementation- Applying equat ion ( 5 )  t o  
(1) and t ak ing  t h e  z-transform of t h e  equation r e s u l t  i n  t h e  t r a n s f e r  
func t ion  : 
2 - 1  
z + w T - l  n 
H(z) = 
Second-order f i l t e r  wi th  Euler implementation- The t r a n s f e r  func t ion  f o r  
t h e  second-order high-pass f i l t e r  (equation ( 3 ) )  can be  w r i t t e n  as two d i f f e r -  
e n t i a l  equat ions:  
2 x = - 2 q w x  - w x  + u  
1 n i  n 2  
x = x  
2 1 
w i t h  t h e  output  equat ion as: 
2 y = - 2 s w x  - w x  + u  n i  n 2  
Applying Eu le r ’ s  I n t e g r a t i o n  and t ak ing  t h e  z-transform, one ob ta ins :  
z2  + Alz + A, 
H(z) = 
z 2  + B I Z  + Bo 
where 
A, = 1 
A = -2 
1 
B o  = 1 - 25wnT + w;T2 
B, = 2(qwnT - 1) 
Zero-Order Hold 
The z-transform of t h e  ZOH implementation can be  
FOHP with  ZOH 
z-transform of t h e  
( 7 )  
s t a t e d  as: 
(10) 
?hplementation- Subs t i t u t ing  equat ion  (2) i n t o  ( l o ) ,  t h e  
FOHP becomes: 
2 - 1  H(z) = -+T z - e  
SOHP with ZOH implemgntation- Applying equat ion (10) t o  ( 4 )  y i e l d s :  
z2  + A,z + A, 
H(z) = 
z 2  + BIZ + Bo 
where 
-k A, = G e  
A, = -(1 + B o )  
-2 k Bo = e 
-k B, = -2e cos(m) 
G = cos(k)  + (m/k)sin(k) 
k = g w T  
R = (w,T)~ 
m = U T -  
n 
n 
B i l i n e a r  Transformation 
The z-transform f o r  t h e  B i l i n e a r  Transformation i s  def ined  as: 
I 2 2 - 1  H(z) = H(s) s = -  
T z + l  
FOHP using bi l inear-  Applying equat ion (13) t o  (2 ) ,  we  ob ta in  t h e  
z-transform of t h e  FOHP as: 
2(2 - 1) 
(wcT + 2)2 + (wcT - 2)  H(z) = 
SOHP using bi l inear-  Applying equat ion (13) t o  ( 4 ) ,  one f i n d s  t h e  
z-transform of t h e  SOHP t o  be: 
A2z2 + Alz + A, 
B2z2 + B,z + B o  H(z) = 
where 
A, = A, = 4 
A, = -8 
Bo = 4 - 4<wnT + (W T)2 n 
B, = -8 + 2(w T), n 
B, = 4 + 4<wnT + (wnT), 
Second-Order Adams-Bashforth Integration 
The Second-Order Adams-Bashforth Integration is defined as: 
The z-transform of equation (16) is: 
I 22 2 - 1  H(z)  = H ( s )  s = -  
T 3 2 - 1  
FOHP using Adams-Bashforth Integration- If we substitute equation (2) 
into (li), we find the FOHP transfer function as: 
2z(2 - 1) 
22, + (3wcT - 2 ) ~  - wcT H(z) = 
SOHP using Adams-Bashforth Integration- Substitution of equation ( 4 )  
into (17) results in the SOHP transfer function: 
z2(A,z2 + A,z + A,) 
B4z4 + B,z3 + B2z2 + Blz + Bo H(z) = 
where 
A, = A, = 4 
A, = -8 
Bo = (wnT)' 
B, = 2[2<wnT - 3(wnT>,] 
5 
B, = 4 - 16<wnT + ( 3 w  T)' n 
B, = 4 
The z- t ransfer  func t ions  of t h e  f o u r  mathematical  models are summarized 
i n  t a b l e  1. 
t r a n s f e r  func t ions  a t  The amplitude and 
phase of t h e  s t eady- s t a t e  response t o  a s i n u s o i d a l  input  are p l o t t e d  as a 
func t ion  of normalized frequency (normalized t o  t h e  n a t u r a l  frequency of t h e  
f i l t e r )  f o r  va r ious  normalized sample f requencies  (parameters w i th  u n i t s  of 
samples per cyc le  a t  t h e  n a t u r a l  frequency of t h e  f i l t e r ) .  
of t h e  assoc ia ted  continuous high-pass f i l t e r s  are included i n  t h e  p l o t s  f o r  
comparison. 
Bode p l o t s  f o r  each model w e r e  produced by eva lua t ing  these  
z = eJwT = cos(wT) + j sin(wT). 
The Bode responses 
The normalized sample frequency i s  def ined  as: 
w s 27r 
w Tw 
n = - = -  
C C 
f o r  t h e  FOHP, and 
f o r  t h e  SOHP. 
I n  the pole- loca t ion  ana lyses ,  t h e  po le s  of each model i n  t a b l e  1 are 
p l o t t e d  as a func t ion  of w,T f o r  t h e  FOHP cases and w,T f o r  t h e  SOHP 
cases. For t h e  SOHP cases, damping r a t i o s  of 0 .3 ,  0.707, and 0.9 are repre-  
s e n t a t i v e  of purposes of these  ana lyses .  
RESULTS 
Firs t -Order  High-Pass F i l t e r  
Figures  1 through 4 present  t h e  Bode p l o t s  f o r  t h e  FOHP models. Based on 
t h e  devia t ion  from t h e  des i r ed  continuous frequency response,  t h e  a p p l i c a t i o n  
of t h e  B i l inea r  Transformation produced t h e  b e s t  r e s u l t s  over  t h e  sample f r e -  
quency domain. All t h e  mathematical  models produced accep tab le  r e s u l t s  when 
t h e  normalized sample frequency (n) w a s  g r e a t e r  than  50, o r  when t h e  n a t u r a l  
frequency t i m e s  t h e  sample  per iod i s  less than  o r  equal  t o  0.125 
[wcT 5 (27r/50)]. 
gain  devia t ion  w a s  w i t h i n  1 dB and t h e  phase w a s  w i th in  2" from t h e  continuous 
FOHP f o r  a l l  mathematical  models i n  t h e  e n t i r e  normalized frequency range up 
t o  t h e  normalized Nyquist frequency of w / w c  = n/2.  
With t h e  normalized sample frequency g r e a t e r  than  50, the 
6 
Figures  5 through 8 show t h e  pole  loca t ions  of each model as a func t ion  
of wcT. Eu le r ' s  I n t e g r a t i o n  ( f i g .  5) becomes uns t ab le  when w,T 1 2.0.  
The Second-Order Adams-Bashforth ( f i g .  8) becomes uns t ab le  when 
which corresponds t o  n 5 6. This  i s  a l s o  shown i n  t h e  phase p l o t  of f i g -  
u r e  4 .  I n  t h e  l i m i t ,  as w,T approaches i n f i n i t y ,  t h e  B i l i n e a r  po le  goes t o  
-1.0 and t h e  ZOH po le  goes t o  0 ,  which means t h a t  t h e s e  two models g ive  s t a b l e  
po le s  over t h e  range of wcT. Table 2 sun-unarizes t h e  va lue  of wcT f o r  m a r -  
g i n a l l y  s t a b l e  poles .  
pass  f i l t e r  models. 
wcT 2 1.0,  
These r e s u l t s  are  a l so  a p p l i c a b l e  t o  f i r s t - o r d e r  low- 
The Bode p l o t  f o r  ZOH ( f i g .  2 )  shows a near-constant  ga in  e r r o r  ac ross  
t h e  frequency range f o r  each sample r a t e .  From t h e  p l o t ,  one concludes t h a t  a 
DC ga in  must be  ca l cu la t ed  and appl ied t o  e l imina te  t h e  e r r o r  when us ing  t h i s  
model. 
mately equal  t o :  
The gain e r r o r  i s  analyzed i n  appendix A and i s  found t o  be  approxi- 
-112 
gain  e r r o r  = 
Therefore ,  t h e  ZOH model f o r  FOHP should be: 
Second-Order High-Pass F i l t e r  
Comparing f i g u r e s  9 through 20 wi th  the  a d d i t i o n  of t h e  damping r a t i o  (5)  
as another  v a r i a b l e  t o  t h e  Bode p l o t s ,  the B i l i n e a r  Transformation aga in  pro- 
duced t h e  b e s t  o v e r a l l  r e s u l t s .  With t h e  normalized sample frequency g r e a t e r  
than 50, t h e  gain dev ia t ion  w a s  w i th in  2.5 dB of t h e  continuous SOHP f o r  a l l  
mathematical  models over t h e  frequency range up t o  and inc luding  t h e  appro- 
p r i a t e  Nyquist frequency. The phase devia t ion  w a s  w i th in  9" of t h e  continuous 
SOHP f o r  a l l  mathematical  models except  the ZOH model. However, t h e  ZOH model 
w a s  w i th in  9" of t h e  continuous SOHP when t h e  normalized frequency w a s  g r e a t e r  
than  0 .4 .  The ZOH r e s u l t s  i n  f i g u r e s  10, 1 4 ,  and 18 show a ga in  adjustment 
can be  ca l cu la t ed  t o  compensate f o r  t h e  near-constant ga in  e r r o r s  ac ross  t h e  
frequency spectrum, but  t h i s  would not  improve t h e  phase e r r o r s .  
F igures  2 1  through 24 show t h e  po le  loca t ions  of a l l  fou r  models ve r sus  
wnT. E u l e r ' s  I n t e g r a t i o n  ( f i g .  21 )  and Adams-Bashforth ( f i g .  24)  show a t  what 
va lues  of w,T t h e  r o o t s  become uns tab le .  These va lues  of w,T re la te  t o  
t h e  normalized sample frequency (n) and t o  t h e  increased  phase dev ia t ions  i n  
the  a s s o c i a t e d  Bode p l o t s .  Table 3 summarizes t h e  va lues  of wnT f o r  m a r -  
g i n a l l y  s t a b l e  poles .  
pass  f i l t e r  models. 
I n t e g r a t i o n .  
w,T s 25. 
These r e s u l t s  are a l s o  app l i cab le  t o  second-order low- 
Appendix B develops a s t a b i l i t y  check f o r  Eu le r ' s  
S t a b l e  r o o t s  f o r  SOHP using Eu le r ' s  I n t e g r a t i o n  w i l l  r e s u l t  i f  
7 
CONCLUSION 
The app l i ca t ion  of a l l  f o u r  mathematical  models t o  t h e  l i n e a r  f i r s t -  and 
second-order high-pass f i l t e r s  r e f l e c t s  t h e  dependence of t h e  d i g i t a l  models 
on sample r a t e .  A s  seen from t h e  Bode p l o t s ,  reasonable  r e s u l t s  can b e  
obtained when t h e  normalized sample frequency (n) i s  g r e a t e r  than  50. This  
sample frequency produced gain dev ia t ions  w i t h i n  1 dB and phase dev ia t ions  
w i t h i n  2"  of t h e  assoc ia ted  continuous f i r s t - o r d e r  high-pass f i l t e r  ou tput  t o  
a s inuso ida l  input .  
9" w e r e  obtained f o r  t h e  second-order high-pass f i l t e r  except  f o r  t h e  ZOH 
model a t  low normalized f requencies .  The pole- loca t ion  ana lyses  show t h e  
B i l i n e a r  Transformation and ZOH models y i e l d  s t a b l e  poles  f o r  a l l  pract ical  
n a t u r a l  f requencies  and c a l c u l a t i o n  rates. Based on frequency response and 
pole- locat ion ana lyses ,  Eu le r ' s  I n t e g r a t i o n  and Adams-Bashforth models should 
both  b e  used wi th  caut ion .  The B i l i n e a r  Transformation model gave t h e  b e s t  
o v e r a l l  r e s u l t s  over  t h e  e n t i r e  frequency range up t o  t h e  Nyquist frequency 
and is  recommended f o r  both high-pass f i l t e r  cases. 
Gain dev ia t ions  wi th in  2.5 dB and phase dev ia t ions  w i t h i n  
Ames Research Center 
Nat ional  Aeronautics and Space Adminis t ra t ion 
Moffett  F i e l d ,  C a l i f .  94035, September 15, 1980 
APPENDIX A 
APPARENT GAIN ON ZOH FIRST-ORDER HIGH-PASS FILTER 
The Bode plot for the FOHP using ZOH (fig. 2) shows a near constant gain 
across the frequency range as a function of sample rate. The following ana- 
lysis is an effort to find a compensation for the apparent gain error. 
ZOH Model 
The transfer function for the ZOH first-order high-pass filter model is: 
z - 1  H(z) = --w T 
C z - e  
The frequency response equation is obtained by substituting the relationship: 
in the transfer function. If a = 2v/n and b = w/wc, the equation is: 
H(ejWT) = cos(ab) - 1 + j sin(ab) -a cos(ab) - e + j sin(ab) 
The magnitude squared is: 
2[1 - cos(ab)] 
1 - 2e-a cos(ab) + e-2a 
l H I 2  = 
Taking the series expansion of each term to the fifth power and combining the 
terms result in the equation: 
/ H I 2  = 
b2[1 - (b2/12)] 
(1 - a)(I + b2) + (7/12)a2 + a4b21(l/2>[l - (b2/6>l - (a/6)[1 - (b2/2>1) 
If b < 1, the magnitude squared is: 
b2  \HI2 = 
(1 - a) + (7/12)a2 + (a4b2/12>[6 - b2 - a(2 - b2)] 
Therefore, for small by the magnitude is 
b2 
IHI =(1 - a + (7/12)a2 
9 
Continuous Case 
The transfer function for the continuous case is: 
Let 
s = jwT 
and 
1 = -  
w 
C 
and the frequency response becomes 
=jb 
jb + 1 
The magnitude is: 
b2 
b2 + 1 \HI2 = 
or 
Therefore, for b << 1, 
IHI r b 
Comparing the magnitudes of the ZOH and continuous case results in: 
-1 /2 
gain error = [1 - + 7 12 (~y] n 
The gain error is a function of the normalized sample frequency (n), if nor- 
malized frequency (b) is less than unity. Therefore, to correct the gain 
error in the ZOH FOHP, the transfer function should be: 
10 
H ( z )  = (ga in) (z  - 1) 
-Lo* T 
L z - e  
where 
1 




EULER'S INTEGRATION - STABILITY CHECK FOR SOHP 
This  appendix d e r i v e s  a simple check f o r  s t a b i l i t y  when applying E u l e r ' s  
The t r a n s f e r  func t ion  f o r  SOHP us ing  Eu le r ' s  In tegra-  I n t e g r a t i o n  on a SOHP. 
t i o n  is: 
z 2  - 22 + 1 H(z) = 
z 2  + 2(<kjnT - l ) ~  + (1 - 2SwnT + w;T2) 
Afte r  f ac to r ing ,  t h e  denominator is: 
[ z  + (<onT - 1) + j w  T m  ]E2 + (<wnT - 1) - j w  T-I n n 
For s t a b i l i t y ,  t h e  magnitude of t h e  v e c t o r  Z must be  less than o r  equal  t o  
u n i t y  ( 1  z I I 1). Therefore ,  
which reduces t o  w,T < 25 f o r  s t a b l e  roo t s .  This  r e l a t i o n s h i p  i s  a l s o  
a p p l i c a b l e  when applying Eu le r ' s  I n t e g r a t i o n  t o  a second-order low-pass f i l t e r  
because the  c h a r a c t e r i s t i c  equat ion f o r  bo th  f i l t e r s  is  t h e  same. 
1 2  
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*CT Math model 
Euler  2.0 
ZOH None 
B i l i n e a r  I n f i n i t y  
Adams-Bashf o r t h  1.0 





B i l i n e a r  
Adams-Bashforth 
U T  n 
5 = 0.3 5 = 0.707 5 = 0.9 
0.6 1.41 1.8 
None None None 
I n f i n i t y  I n f i n i t y  I n f i n i t y  
0.84 0.95 0.99 
I 
15 
CONTl N UOUS 
a 
I I I 
100 r 
U 
v) n = 100, CONTINUOUS u' a 
2 0  ,,=5 n = 2 0  n = 5 0  
-50 I I I I 
.1 1 .o 10.0 100.0 
W I W ,  
Figure  1.- Bode p l o t  f o r  f i r s t - o r d e r  high-pass f i l t e r  us ing  
Eu le r ' s  In t eg ra t ion .  
n = 5 0  ,= 100 
CONTINUOUS 
-20 
Figure  2.- Bode p l o t  f o r  f i r s t - o r d e r  high-pass f i l t e r  us ing  
zero-order hold.  
17 
lo c I n = 5  n = 20.50.10O. CONTINUOUS 
-50 .1 r 1.0 10.0 100.0 
W I W ,  
Figure 3 . -  Bode p l o t  f o r  f i r s t - o r d e r  high-pass f i l t e r  us ing  
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Figure 5.- Euler's integration FOHP pole location. 
I z PLANE 
Figure 6 . -  Zero-order hold FOHP pole location. 
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Figure 7.- Bilinear Transformation FOHP pole location. 
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Figure 8.- Second-Order Adams-Bashforth FOHP pole location. 
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Figure  9.- Bode p l o t  f o r  second-order high-pass f i l t e r  us ing  
Eu le r ' s  In t eg ra t ion ;  5 = 0.3. 
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Figure  10.- Bode p l o t  f o r  second-order high-pass f i l t e r  us ing  
zero-order hold; 5 = 0.3. 
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Figure 11.- Bode plot for second-order high-pass filter using 
Bilinear Transformation; 5 = 0.3. 
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Figure 12.- Bode plot for second-order high-pass filter using 
Adams-Bashforth; 5 = 0.3. 
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Figure  13.- Bode p l o t  f o r  second-order high-pass f i l t e r  using 
Eu le r ' s  In t eg ra t ion ;  5 = 0.707. 
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Figure  14.- Bode p l o t  f o r  second-order high-pass f i l t e r  us ing  
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Figure 15.- Bode plot for second-order high-pass filter using 
Bilinear Transformation; 5 = 0.707. 
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Figure 16.- Bode plot for second-order high-pass filter using 
Adams-Bashforth Integration; 5 = 0.707. 
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Figure  1 7 . -  Bode p l o t  f o r  second-order high-pass f i l t e r  u s ing  
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Figure  18.- Bode p l o t  f o r  second-order high-pass f i l t e r  u s ing  
zero-order hold; 5 = 0.9. 
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Figure 19.- Bode p l o t  f o r  second-order high-pass f i l t e r  us ing  
B i l i n e a r  Transformation; 5 = 0.9. 
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Figure 20.- Bode p l o t  f o r  second-order high-pass f i l t e r  us ing  
Adams-Bashforth I n t e g r a t i o n ;  5 = 0.9. 
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Figure  21.- Euler ' s  In t eg ra t ion  SOHP p o l e  l oca t ion .  
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Figure  22.-  Zero-order hold SOHP p o l e  l oca t ions .  
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Figure 23.- Bilinear Transformation SOHP pole location. 
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Figure 24.- Second-order Adams Bashforth SOHP p o l e  location. 
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